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Abstract 
Suppressing jitter noises in a phase locked loop (PLL) is of great importance in order to keep precise and continuous track 
of global positioning system (GPS) signals characterized by low carrier-to-noise ratio (C/N0). This article proposes and ana-
lyzes an improved Kalman-filter-based PLL to process weak carrier signals in GPS software receivers. After reviewing the 
optimal-bandwidth-based traditional second-order PLL, a Kalman-filter based estimation algorithm is implemented for the 
new PLL by decorrelating the model error noises and the measurement noises. Finally, the efficiency of this new Kal-
man-filter-based PLL is verified by experimental data. Compared to the traditional second-order PLL, this new PLL is in 
position to make correct estimation of the carrier phase differences and Doppler shifts with less overshoots and noise distur-
bances and keeps an effective check on the disturbances out of jitter noises in PLL. The results show that during processing 
normal signals, this improved PLL reduces the standard deviation from 0. 010 69 cycle to 0. 007 63 cycle, and for weak 
signal processing, the phase jitter range and the Doppler shifts can be controlled within ±17° and ±5 Hz as against ±25° and 
±15 Hz by the traditional PLL. 
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1. Introduction1
Software-defined radios (SDRs) have been around 
for more than ten years. As a global positioning sys-
tem (GPS) software receiver, this technology was 
implemented by D. M. Akos in the GPS signal proc-
essing field in 1997[1]. It is a powerful tool for GPS 
researchers[1-3] because its ability to ame-liorate the 
low-level functionality of a GPS receiver without 
altering the physical hardware, and allows rapid test-
ing of newly developed algorithms and to be used in 
a non-traditional way[3-4].
With the development of the GPS software re-
ceiver, processing low carrier-to-noise ratio (C/N0) 
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signals at a GPS software platform has attracted 
much more attention recently. As for acquisition of 
GPS weak signals, the main problem consists in the 
increase of integration time to reduce the ill effects of 
various noises. The simplest method is to combine 
the coherent and incoherent integrations[3, 5] and cal-
culate with the fast Fourier transform (FFT) algo-
rithm to increase the relative strength of signals from 
satellites[5]. The alternative half-bits method increases 
the integration time by performing two independent 
acquisition computations by using two alternative 
data sets, of which one is guaranteed to have no bit 
transitions[5]. The full-bits method involves the esti-
mation of the data bit transition times[5-6]. 
The main approaches to enhance the performances 
to track low C/N0 signals are to improve loop archi-
tectures and develop new filter algorithms[2, 7-8]. The 
GPS signal tracking is performed by the phase locked 
loop (PLL) for carriers and the delay locked loop 
(DLL) for codes. The main duty of these loops is to 
generate replicas of the incoming satellite signals for 
the receiver. For tracking weak carrier signals, the Open access under CC BY-NC-ND license.
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focus is laid on better PLL architecture and filter de-
sign to reduce various noises. Having analyzed the 
spectrum characteristics of various error sources, A. 
Razavi, et al.[8] elucidated the performances of vari-
ous loop architectures in weak signal circumstances. 
F. Legrand, et al. [9] put forward a fast adaptive band-
width PLL to reduce the effects of thermal noise. 
Special loop designs and algorithms were introduced 
to reduce the effects of multipath[10-11]. The assistance 
from other information and sensors is of great use in 
tracking weak signals. For example, the assisted-GPS 
(AGPS) technology uses the information about ap-
proximate positions of the receiver and satellite from 
other GPS receivers to help improve the loop’s abil-
ity to track weak signals. Another example is to use 
other sensors, like inertial measurement unit (IMU), 
for estimating the Doppler shifts[12-13]. Although some 
researchers implement the Kalman filters in tracking 
loop, and process with simulated GPS data [14-15], 
they have not paid enough attention to the impor-
tance of suppressing the phase jitter noises in PLL.
This article suggests a Kalman-filter-based loop to 
track weak carrier signals. It begins with a review of 
statistics about total phase jitter noises of PLL, fol-
lowed by establishing a standard Kalman-filter-based 
PLL by de-correlating the dynamic model noises and 
the measurements noises to improve the perform-
ances to track weak GPS signals. For the signals with 
normal C/N0, the new PLL provides more stable and 
precise estimation of phase errors and Doppler shifts 
while for those with low C/N0, it can keep effective 
check on the irregular phase jitter noises by correct 
estimation of the true phase differences between the 
replicas and the received signals. Finally, this article 
ends with performing experiments to provide results 
as the base for drawing conclusions. Compared with 
the traditional second-order PLL, the estima-
tion-based method is more flexible and robust to 
tackle errors in GPS measurements. 
2. Review of Traditional Second-order PLL and
Analysis of Phase Jitter Noises 
2.1. Second-order PLL in GPS software receiver 
The most commonly used tracking method in GPS 
receivers contains two coupled carrier/CA signal 
tracking loops: the PLL and the DLL. In software 
receivers, this typical tracking algorithm is still in 
fashion, yet this article concentrates attention only on 
the PLL. For a GPS software receiver, the input sig-
nals are collected by the radio frequency (RF) 
front-end, which converts satellite RF signals into 
intermediate frequency (IF) signals and then samples 
the IF signals with an A/D converter. A model of the 
sampled IF signals can be simply expressed by[3] 
 
0( ) ( ) ( ) cos( ) ( )k k k IF k kS t AD t C t t e tZ M      (1) 
 
where ( )kS t is the sampled signal at the sample time 
kt ; A the signal amplitude; ( )kD t the navigation data 
stream; ( )kC t the CA code; IFZ the IF signal fre-
quency; 0I the initial phase angle and ( )ke t the 
noise. 
To improve the performances of the GPS receivers 
with low C/N0, the key is to design better tracking 
loops having better ability to subdue multisource 
noises. The carrier PLL includes three components:a 
phase detector, a loop filter (F(s)) and a volt-
age-controlled oscillator (VCO) (see Fig.1). Inputs to 
a PLL are received in the form of GPS continuous 
frequency-modulated signals with an input signal 
phase ĳi. The VCO is responsible for regenerating a 
replica signal with a phase ĳr, which changes after ĳi. 
If both are synchronous in the signal frequencies and 
the phases, the tracking loop is in a locking state.  
Ideally, in a stable phase lock condition, the phase 
errors between the input and the replica (įĳ=ĳiˉĳr) 
should be maintained around zero. 
 
Fig.1  Diagram of a PLL. 
The performances of a PLL mainly depend on the 
loop filter. For a traditional second-order PLL, the 
close-loop transfer function can be expressed by[3-4] 
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where Ȧn is the natural frequency, ȗ the damping fac-
tor.  
The phase error of the PLL(see Fig.1)can be ex-
pressed by 
 
į į įi r t HM M M M M            (3) 
 
where įĳt represents the true phase difference be-
tween the received GPS carrier phase and the locally 
generated one, įĳt the phase tracking jitter errors due 
to multisource noises, the errors caused by GPS sat-
ellite’s and receiver’s clock instability, ionosphere 
interferences, thermal noises, dynamic stresses, mul-
tipath and blockage interferences and otherwise. 
2. 2.  Analysis of PLL’s total phase jitter errors 
The total phase jitter noise is a reliable metric for 
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assessing the performances of the PLL to process low 
C/N0 signals[4, 8]. As the amplitude of phase errors is 
closely linked to the PLL performances, the latter 
would be out of the locked state when the phase jitter 
error goes beyond a certain limit. Therefore, the 
knowledge of the characteristics of the phase jitter 
noise is of big help to the design of tracking loops[8]. 
To keep precise and continuous track of GPS car-
rier signals, the total phase jitter should be[4] 
2 2 15
3
d
w cM
VV V V   d q         (4) 
where ıĳ represents the total phase jitter in PLL, 2wV  
the phase jitter due to white noises, 2cV  the phase 
jitter due to related or colored noises and dV  the 
dynamic stresses caused by the tracking loop failing 
to give quick responses to abrupt phase changes. 
Let tan-1 be the phase discriminator (PD) and nB  
the tracking loop bandwidth, then 2wV  can be de-
fined as[8] 
 
2
w /
nB
C N
V                  (5) 
 
and the phase jitter caused by colored noises can be 
determined by[8] 
 
2
2
c 0
( ) ( )e cH f G f dfV f ³          (6) 
 
where the error transfer function He(f) is fixed by 
1-H(f) and Gc(f) is  the one-sided power spectral 
density(PSD)of colored noise sources. 
Detailing the sources of the phase jitter caused by 
colored noises, Eq. (6) can be rewritten into[8] 
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where 2 2 2 2rx sv v a, ,  and V V V V  and 2aV  separately rep-
resent the error sources from jitters of receiver clock 
phase, satellite clock phase, vibration-induced phase 
and phase due to atmospheric effects with 
rx sv v aand( ), ( ), ( ) ( )G f G f G f G f  being their corre-
sponding PSDs. Modeling of the above phase jitter 
caused by color noises needs lots of statistical infor-
mation and a prior knowledge. This article only cites 
the representative point, further more details, readers 
may refer to Ref. [4] and Ref. [8]. 
The errors caused by dynamic stress phase jitters 
can be derived with the steady state error formulas[4]. 
The dynamic stress error from the second-order PLL 
can be expressed by 
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where d2R/dt2 represents the acceleration between 
the GPS receiver and satellite.
Based on all the above-discussed jitter components, 
substituting Eq.(5)-Eq.(8) into Eq.(4), the total jitter 
can be obtained 
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     (9) 
 
By using the above-cited equations as well as the 
empirical statistic models[8], the total phase jitter can 
be approximately estimated. In a traditional sec-
ond-order PLL with a certain C/N0, the white noise 
phase jitter 2wV  monotonously increases while the 
other components decrease with the loop bandwidth 
rising. Therefore, it is possible to find out an optimal 
bandwidth that can minimize the total phase jitter 
noises (see Eq. (9)). Based on the colored noise 
models[8, 13] and the total phase jitter definition[4], the 
optimal bandwidth for the traditional second-order 
PLL has been calculated to be 7-10 Hz for the C/N0 
ranging from 20 to 25 dB-Hz(see Fig.2). 
 
 
Fig.2  Weak signal total phase jitter vs bandwidth. 
3.  Design of a Kalman-filter-based PLL 
The key problem for a PLL is precise estimation of 
the phase errors in the existence of multisource 
noises in order for the replica carrier outputs from the 
VCO to match the input phase. The above-discussed 
second-order PLL only provides the precise phase 
errors with the optimal bandwidth when the jitter 
noises strictly follow the statistical models in Eq. (9). 
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However, in the case of weak signals, there are many 
unstable phase jitters from, for instance, the iono-
spheric scintillations and multipath effects that might 
exert influences upon GPS signals. These jitters are 
difficult to model precisely due to their instinctive 
nature and complex mechanism. The effects of iono-
spheric scintillation include a transient increase in 
errors of the carrier phase and code measurements, 
which might cause the PLL tracking loop to get out 
of the lock stage if they exceed the threshold 
value[16-18]. For example, W. Chen, et al. [19] reported 
that the strong ionospheric scintillation caused by 
strong solar activities had once induced a large num-
ber of lock losses and increased phase measurement 
noises. The multipath signals also bring irregular 
phase errors in the GPS measurements[20]. Thus, to 
tackle these problems, an opti-
mal-state-estimation-based PLL is needed, which 
enhances the PLL performances by estimating the 
difference of the optimal carrier phase and the Dop-
pler frequency shift between the actual and the local 
signals.
The three-state dynamic model of a discrete-time 
reconstructed carrier has been developed. In the 
processing period of Tkˉ1 to Tk, it can be formulated 
as[6, 14] 
( 1)
2
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v v
a a 1
re 1
1
2
0 1
0 0 1
1 0 0
0 0 1 0
0 0 0 1
k
k k
k
TTx x
x T x
x x
T
Z 


ª º''« »ª º ª º« »« » « » ' « »« » « »« »« » « »¬ ¼ ¬ ¼« »« »¬ ¼
'ª º ª º« » « »« » « »« » « »¬ ¼ ¬ ¼
w     (10) 
where ǻT is the processing time interval of the track-
ing loop, ( 1)re kZ   the nominal Doppler shift of the 
local generated carrier, xp the carrier phase difference 
between the received signal and the local recon-
structed signal, xv the Doppler frequency of the re-
ceived carrier signal, xa the drift rate of the Doppler 
shift, wk represents white, zero-mean Gaussian ran-
dom sequences: 
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The measured zk is obtained directly from the 
phase discriminator and calculated using PLL’s 
in-phase and quadrature accumulations. Over one 
measurement period, it can be linearly expressed in 
terms of state variations as[14] 
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where vk is white, zero-mean Gaussian random se-
quence: 
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Then, the linear dynamic model in Eq.(10) and 
Eq.(11) can be expressed in a standard matrix-vector 
form as follows: 
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Here, ukˉ1 and ykˉ1 can be considered as controlled 
variables. kw  in Eq.(12) is the input disturbance, 
and *kv  the measurement noise. Both of them are 
white, zero-mean Gaussian random sequences. Ap-
parently, from Eq.(15), they are cross- correlated 
with the following covariance:   
 *Cov( , )k k k kG w v S             (16) 
As the foundation of a linear minimum-variance 
estimation requires to be without cross-correlated 
noises, Eq. (12) and Eq. (13) must be de-correlated 
firstly. 
By adding a new zero-equivalent item 1( k J  
*
1 1 1 1 1( ))k k k k k      z H x y v  on the right of 
Eq.(12), can be obtained 
, 1 1 1 1 1 1
*
1 1 1 1 1 1( )
k k k k k k k k
k k k k k k
     
     
   
  
x ĭ x B u ī w
J z H x y v
   (17) 
where Jkˉ1 is an unknown matrix to be determined. 
Then a new transition matrix and a new input distur-
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bance can be written into 
*
, 1 , 1 1 1k k k k k k    ĭ ĭ J H         (18) 
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Eq. (17) can be rewritten into 
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Then the covariance between *kw  and 
*
kv  can be 
calculated by substituting Eq.(15) and Eq.(19) into 
the following equation: 
* * * *TCov( , ) ( )
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k k k k k k k
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E
G
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S J R
*
*       (21) 
From Eq.(21), in order to make * *Cov( , ) 0k k  w v , 
the unknown matrix kJ  must be valued by k  J   
1
k k k
S R* . 
Under this condition, the input disturbance *kw  
and the measurement noise *kv  become no longer 
cross-correlated in the new expression, and thus 
Eq.(20) and Eq.(13) constitute a standard linear dy-
namic discrete-time model. Based on the projection 
theory, the optimal linear estimator can be deduced as 
follows. 
First, make the state estimate prediction by 
l l
, 1
*
, 1 1 1 1
1 1 1( )
k kk k k k k
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   
  
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
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      (22) 
Then, compute the optimal state estimates by 
l l l, 1 , 1( )k k k k kk k k k    x x K z y H x    (23) 
where Kk is the optimal Kalman filter gain. The state 
estimate error can be described by 
l kk k x xH              (24) 
Then the covariance of the state estimate error can 
be expressed by 
T
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The optimal gain matrix is obtained by minimizing 
the expected value of the state error covariance (Pk) 
at each step, hence the following cost function is to 
be minimized by the choice of Kk. The minimum 
value can be attained when 
0k
k
P
K
w  w              (26) 
Substituting Eq.(25) into Eq.(26), the optimal gain 
can be obtained as 
T T 1
, 1 , 1( )k k k k k k k k k

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Then the optimal state error covariance kP  can 
be rewritten into 
T T
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In the same way, the covariance of the state error 
before the measurement update (predicted estimate 
covariance) is described by 
l
, 1, 1 k kk k k  x xH           (29) 
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To sum up, the five Equations to set up a standard 
Kalman filter are listed as below: 
For prediction: 
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For estimation: 
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, 1 , 1ˆ ˆ ˆ( )k k k k k k k k k    x x K z y H x  (34) 
, 1( )k k k k k P I K H P           (35) 
4.  Verification Results 
To evaluate the performances of the proposed PLL 
algorithm, the NAMURU V2 GPS data logging 
board is used to collect the real IF signals. Fig.3 
shows the software receiver platform. The IF fre-
quency is 1.405 396 MHz and the sampling rate is 
5.714 286 MHz. This verification uses two sets of 
data separately sampled from the roof of Hong Kong 
Polytechnic University and indoor site by windows 
tightly encircled by tall concrete buildings vulnerable 
to strong effects of phase jitters as is expected. With 
the purpose of making comparison of the perform-
ances, the same data are processed with both tradi-
tional second-order PLL described in Section 2 (with 
the optimal noise bandwidth of 7.65 Hz and the 
damping factor of 0.7[21]) and a PLL-based Kalman 
filter proposed in Section 3. 
· 114 · Miao Jianfeng et al. / Chinese Journal of Aeronautics 23(2010) 109-116 No.1 
 
 
Fig.3  A GPS software receiver platform. 
4.1.  Normal GPS signal processing 
The sampled data used in this processing are from 
satellite PRN 21, and registered in an opening area 
with the nominal C/N0 of 42 dB-Hz. According to a 
large amount of statistical data on GPS signal noise, 
the noise covariance Q is chosen to be diag [4.84 
×10-4 (cycle)2, 8.523×10-3 (Hz)2, 0.864×10-3 (Hz/s)2] 
and the measurement covariance R is [1.03×10-3 (cy-
cle)2]. Fig.4 compares the performances of the tradi-
tional second-order PLL and the new Kalman-filter- 
based PLL in terms of phase errors and Fig.5 in terms 
of Doppler frequency shifts. From Fig.4, it can be 
 
 
Fig.4  Comparison of performances between traditional 
second-order PLL and Kalman-filter-based PLL in 
terms of phase errors. 
 
Fig.5  Comparison of performances between traditional 
second-order PLL and Kalman-filter-based PLL in 
terms of Doppler frequency shifts. 
observed that the standard deviation is 0.01069 cycle 
for the second-order PLL and 0.007 63 cycle for the 
Kalman-filter-based PLL. Clearly, the performance of 
the Kalman-based-PLL is significantly better than the 
traditional second-order PLL. This improvement is 
more highlighted by Fig.5 in terms of the Doppler 
shift estimation meaning the Kalman-based-PLL 
causes less overshot and takes shorter converge time. 
4.2.  Weak GPS signal processing 
In order to estimate the realtime C/N0 of the re-
ceived signals, this article uses the method of adding 
noise channel[22]. Fig.6 shows the changes of C/N0 of 
the weak GPS signals sampled in this test against the 
time. The lowest C/N0 of about 26dB-Hz during 3-13 
s, the worst C/N0 condition period during processing, 
speaks volume about the effectiveness of this im-
proved PLL (see Fig.6). Fig.7 compares the per-
formances between the traditional second-order PLL 
and the Kalman-filter-based PLL in terms of phase 
errors and Fig.8 in terms of frequency shifts both 
during processing weak signals. From Fig.7(a) and 
Fig.8(a), a series of transient phase jitter errors can 
be discovered in the traditional second-order proc-
essed results (during 2-6 s). This phase jitter ranges 
between about ±25° (Fig.7 (a)), which corresponds to 
Doppler shifts of ±15 Hz (see Fig.8(a)). However, 
Fig.7(b) and Fig.8(b) evince remarkable advances 
that the Kalman-filter-based PLL has made by re-
ducing the phase jitter range to ±17° and the Doppler 
shift to ±5 Hz. This is because when a transient phase 
jitter occurs, the improved PLL could make correct 
estimation of the next carrier phase thereby keeping 
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an effective check on the transient jitter and resulting 
in less noise disturbance. 
 
 
 
Fig.6  Realtime C/N0 estimation of received signals. 
 
 
 
 
Fig.7  Comparison of performances between traditional 
second-order PLL and Kalman-filter-based PLL in 
terms of phase errors for processing weak signals. 
 
 
 
 
 
Fig.8  Comparison of performances between traditional 
second-order PLL and Kalman-filter-based PLL in 
terms of Doppler frequency shifts for processing 
weak signals. 
5. Conclusions 
This article proposes and analyzes an improved 
Kalman-filter-based PLL for processing weak carrier 
signals. Compared with the traditional second-order 
PLL, this new PLL is able to suppress the transient 
irregular phase jitter noises by estimating the optimal 
phase errors. This improves that PLL for tracking 
weak GPS signals has been validated against real 
digital data gathered in real circumstances with weak 
signals. Results prove the essential improvements 
which the proposed PLL brought about in tracking 
weak GPS signals. 
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